ON THE AUTOMORPHISMS AND REPRESENTATIONS 
OF POLYADIC GROUPS 



H. KHODABANDEH AND M. SHAHRYARI 

Abstract. Using a unified method, we determine the structure of auto- 
morphisms and representations of arbitrary polyadic groups. More pre- 
cisely, for a polyadic group (G, /) = derg,(,(G, •), we obtain a complete 
description of automorphisms and representations of (G, /) in terms of 
automorphisms and representations of the binary group (G, •). 



1. Introduction 

A non-empty set G together with an n-ary operation / : G n — > G is called 
an n-ary quasi-group or a polyadic quasi-group, if for all xo,xi, . . . ,x n € G 
and for any fixed i £ {1, . . . , n}, there exists a unique element y € G, such 
that 

f(xi, Xi-i,y, Xi+i, ... ,x n ) = x . 

In the binary case (i.e., for n = 2), a polyadic quasi-group is just usual 
quasi-group. If the operation / is also associative, then we call (G, /) an 
n-ary group or a polyadic group. 

According to a general convention used in the theory of n-ary systems, 
the sequence of elements Xi, Xj+i, . . . , Xj is denoted by x\. In the case j < i 
it is the empty symbol. If Xi + \ = Xj+2 = . . . = Xi+t = x, then instead of 

we wr ite x . In this convention f{x\, . . . ,x n ) = /(xj) and 

f{x±, ■ ■ ■ , Xi, X, . . . , X, Xi-i-t+li • • • i X n ) = f(x^, X , Xj I £4-l)- 



As an example of a polyadic quasi-group, suppose (G, •) is an ordinary 
quasi-group (so the equations ax = b and xa = b have unique solutions for 
x). Let a\, . . . ,a n be arbitrary automorphisms of (G, •) and b E G be fixed. 
If we define 

/(x^) = ai(xi) . . . a n (x n )b, 

then (G, /) becomes an n-ary quasi-group. A polyadic quasi-group of this 
type, is called a linear polyadic quasi-group. As an special case, if (G, •) is 
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an ordinary group, ot\ = ■ ■ ■ = a n = identity and 6 = 1, then we have 

f(x±) = xix 2 ...x r 



a ■ 



and (G, f) is an n-ary group which is called the n-ary group, derived from 
(G, •) and it is denoted by der n (G, •). More generally, suppose (G, •) is an 
ordinary group and 9 is an automorphism with a fixed point i) G G, such 
that 9 n ~ 1 (x) = bxb^ 1 for all x € G. Now, define 

f(x r f)=x 1 8(x 2 )6 2 (x 3 )...e n - 1 (x n )b. 

It can be shown that (G, f) is an n-ary group which we denote it by 
derg^G,-) and we call it (9,b)-derived polyadic group from (G, •). It is 
proved that the converse is also true, i. e. every polyadic group can be 
uniquely expressed as (G, f) = derg t b(G, ■). This is the content of Hosszu- 
Gluskin Theorem, which is formulated as follows. 

Theorem 1.1. Let (G,f) be an n-ary group. Then 

(1) on G one can define an operation ■ such that (G, •) is a group, 

(2) there exist an automorphism 9 of (G, •) and b € G, such that 9(b) = 
b, _ 

(3) 9 n ~ 1 (x) = bxb~ 1 , for every x € G, 

(4) f{xf) = Xl 9(x 2 )9 2 (x 3 ) • • • 9 n ~ l {x n )b, for all x u . . . ,x n G G. 
For a proof, see [5] or [6]. 

From the definition of an n-ary group (G, f) we can directly see that for 
every x € G, there exists only one y € G satisfying the equation 

/( (n x 1} ,y) = x. 

This element is called skew to x and is denoted by x. In a ternary group 
(n = 3) derived from a binary group (G, •), the skew element coincides with 
the inverse element in (G, ■). Thus, in some sense, the skew element is a 
generalization of the inverse element in binary groups. Nevertheless, the 
concept of skew elements plays a crucial role in the theory of n-ary groups. 
Namely, as Dornte proved, the following theorem (see [2]). 

Theorem 1.2. In any n-ary group (G,f) the following identities 

(i-2) _ (n-i) (n-j) _ (j-2) 

/( x ,x, x ,y) = f{y, x ,x, x )=y, 

(k-1) _ (n-fc) 
/( X ,X, X )=x 

hold for all x,y G G, 2 ^ i,j ^ n and 1 ^ k ^ n. 

Fixing in an n-ary operation / all inner elements a 2 , ■ ■ ■ ,a n -l we obtain 
a new binary operation 

x-y = f{x,al~ l ,y). 
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Such obtained groups (G, ■) is called a retract of (G,f). Choosing different 
elements a\, . . . , a n —\ we obtain different retracts. Retracts of a fixed n-ary 
group are isomorphic (cf. [6j). So, we can consider only retracts of the form 

(n-2) 

x-y = f(x, a ,y). 

Such retracts will be denoted by Ret a (G, f). The identity of the group 
Ret a (G, f) is a. One can verify that the inverse element to x has the form 

-i ti- {n ' 3) - ~\ 
x = j{a, x ,x, a). 

The binary group, which we said about in the theorem 1.1, is in fact 

(n-2) 

Ret a (G, f) and the automorphism 9 is defined as 9{x) = (a,x, a ). 

Binary retracts of an n-ary group (G, f) are commutative only in the case 
when there exists an element a £ G such that 

(n-2) (n-2) 

f(x, a ,y) = f(y, a ,x) 

holds for all x,y 6 G. An n-ary group with this property is called semia- 
belian. It satisfies the identity 

f(x r {) = f(x n ,x%-\x 1 ) 

(see 0]). 

One can prove (cf. [8]) that a semiabelian n-ary group is medial, i.e., it 
satisfies the identity 

/(/(*£), /(*!?), • • • , / W )) = /(/ Wi 1 ), /Kl), • • • , /(«))• 

In such n-ary groups 



f{x\) = f(xi,x 2 ,x 3 ,...,x n ) 

for all xi, . . . ,x n G G. 

The idea of investigations of such polyadic group goes back to E. Kasner's 
lecture [9] at the fifty-third annual meeting of the American Association for 
the Advancement of Science in 1904. But the first paper concerning the 
theory of n-ary groups was written (under inspiration of Emmy Noether) 
by W. Dornte in 1928 (see [2]). In 1940 E. L. Post published an extensive 
study of n-groups in which the well-known Post's Coset Theorem appeared, 
see pi]. 

Representation theory of polyadic groups is investigated by W. Dudek and 
M. Shahryari in [7j. In |12j . the second author, studied characters of finite 
polyadic groups. In this article, using a unified method (homotopies and 
autotopies of polyadic groups), we study the structure of automorphisms and 
representations of polyadic group. More precisely, if (G,f) = der$ t b(G, •), 
we express an automorphism (a representation) of (G, /), as a product of 
a certain automorphism (representation) of the binary group (G, ■) and a 
translation. 
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2. Automorphisms 

Suppose (G, f) and (H, h) are two n-ary quasi-groups. Suppose there are 
maps ai, . . . , a n+ \ from G to H, such that 

a n+ l . . .,!„)) = fr(ai(xi), . . . ,a n (x n )). 

Then we say that T = (ai, . . . , a n +i) is a homotopy from (G, /) to (i/, /i). 
If all maps, ai, are bijections, then T is an isotopy. We call T an autotopy 
of (G, /), if (G, /) = (H,h) and T is an isotopy. The set of all autotopies 
of an n-ary quasi-group (G, /) is denoted by T(G, /). If we define a binary 
operation 

(a-i, . . . ,a n+ i) o (/3i, . . . ,/3 n+ i) = (aiPi, . . . ,a n+ i/3 n+ i), 

then T(G, /) becomes a group. In general, if T = (ai, . . . , a n +i) is a ho- 
motopy from (G, /) to (if, h) and S 1 = (/3i, . . . , /3 n +i) is another homotopy 
from (K,g) to (H,h), then we define their composition as 

(ai, . . . ,a n+ i) o (/3i, . . . ,/3 n+ i) = (ai^i, . . . ,a n+ i/3 n+ i). 

It is easy to see that if T = (ati, . . . , a n +i) is an isotopy from (G, /) to 
(-ff, /i) , then we have 

T(G,/)=T- 1 oT(^,/ l )oT. 

A map ip : G — > H is a homomorphism from (G, /) to (H,h), if T = 
(-0, ... ,if)) is a homotopy. If 

r = (^...,V)6^(G,/), 

then we say that ^ is an automorphism of (G, /). For example, let (G, /) = 
dere,b{G, •). Then for any a £ G, the map ^(x) = a0(xa _1 )6 _1 is an au- 
tomorphism of (G, /). The group of automorphisms of an arbitrary (G, /), 
will be denoted by Aut(G, /). 

Let (G, •) be an ordinary quasi-group and a G G. We define the Ze/t and 
the rig/i£ translation maps, L a and i? a by L a (x) = ax and R a (x) = xa, 
respectively. If G is a group, we denote by I a , the inner automorphism 
la = (x)a~ 1 xa. For the proof of the next theorem, see |10| . 

Theorem 2.1. Suppose (G, •) is an ordinary group and (G, /) = der n (G, •). 
Then T is an autotopy of (G, /), if and only if 

T = (L ai I ai , L a2 I aia2 , . . . , L an J ai ... 0n , -Rai...a„) (0) • • • ; 4>)i 

where a" G G and 6 Aut(G, •). Further, the above decomposition is unique. 

Now, we are going to determine the structure of automorphism of a 
polyadic group of type (G, /) = derg(G, •), (i.e., 6 = 1). The general case, 
will be proved later. In what follows, e denotes the identity map. 

Theorem 2.2. Let (G,f) = derg(G,-), where (G, •) is an ordinary group 
and 9 is an ordinary automorphism with # n_1 = e. Then 

Aut{G, f) = {R a <P : a = a, G Au*(G, •), [0, 0] = 4}, 
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where the bracket denotes the ordinary commutator 9cj)9~ 1 (f)~ 1 . 

Proof. Define a second operation g on G by g(xi) = x\x 2 ■ ■ ■ x n . Now, 
T = (e,6,6 2 , . . . ,9 n ~ 2 ,e,e) is an isotopy between (G, /) and (G,g). So we 
have 

1(G,f) = T- 1 o1(G,g)oT. 
Using 2.1, we have also, 

^{G,g) = {(L ai I ai ,L a2 I aia2 ,...,L a ^I ai _ an ,R ai _ an )o((f>,...,(f>) 

: < G G,<f> G Aut(G,-)}. 

Hence, every element of 1(G, f ) can be written uniquely as 

where a™ G G and 4> £ ^4ut(G, •). It is clear that Aut(G,f) is precisely the 
set of all V's such that , . . . , ip) G 1(G,f ). So, we must determine all 
elements of T(G, /), with the equal entries. Therefore, suppose we have 

ip = L ai I ai (j> 

= 9 L a2 I aia2 4>6 

= 6 2 ~ n L an _ 1 I ai ... an _ 1 (j)6 n ~ 2 

= R ai ...a n 4>- 

Suppose also a = a\. Then, clearly ip = R a (p, thus we prove that a = a and 
[0,(f>] = I a - We, have the following steps. 

i- The equality of the first and the last entry (R a <f> = R a a 2 ---a n ( i ) ), implies 
0203 • • • a n = 1. 

ii- The equality of the first and n-th entry (R a (f> = L an I aa2 .^ an (j)), implies 
a n = a. 

iii- Now, we use the equality of the second and the third entries. We have 

R a 4> = O^LaJaa^O, SO for all X, 

4>(x)a = 6~ 1 (a2a2 1 a~ 1 (j)(9(x))aa2) 

= 9- 1 (a- 1 )cf>(9(x))9- 1 (a)9- 1 (a 2 ). 

Hence, if we put x = 1, then we obtain 9(a) = a 2 - 

iv- Continuing this way, using other equalities, we conclude that for all i, 
a,i = 9 % ~ 1 (a). Hence 

f( ( a) = a9{a)...9 n ~ 1 (a) 
= aa2 ■ • • a n 
= a. 
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So a = a. Now, we have a6(a)6 2 (a) . . . 6 n ~ 2 (a) = 1, hence applying the 
equality of the first and (n — 2)-th entries, we obtain 

R a (j){x) = d 2 - n L en -2 {a) I ae(a) ^ en -2 {a) ci)e n - 2 (x) 

= e 2 - n L en - Ha) w n - 2 (x) 

= e 2 - n {6 n - 2 {a)<p{6 n - 2 {x))) 

= ae 2 ~ n {(j)(9 n - 2 (x))). 

So, we have 6 2 ~ n <p6 n ~ 2 (x) = a~ 1 (j)(x)a. But, 6 n ~ 2 = 9' 1 , hence we have 

9<f>e(x) = a~ 1 4(x)a, 

which is equivalent to [6,<f>]= I a . 

Conversely, suppose a G G has the property a = a. Let 4 6 AutiG, •) such 
that [0,4>] = I a - We prove that R a cp is an automorphism of (G,f). Since 
a = a, we know that the following (n + l)-tuple is an autotopy of (G, /); 

(R a <t>, 6~ 1 L g ( a )I ad ( a }(f)6, 9 1 ~ n L e n-i^ a - ) I a <pO n ~ 1 , i? a 0)- 

It is enough to show that all entries of the above autotopy are equal. Using 
[6,4] = I a , we obtain 

9^0 {x) = 6-\a) ■ ■ ■ 9-\a)4(x)9' 1 (a- 1 ) ■ ■ ■ 9-\a' 1 ), 

for all i. A few computations show that the above relation is equivalent to 

Ra4> = 6 l L ei ( a )I ad ( a y.. e i( a )46 t . 

Hence, all entries of our autotopy are equal and so R a 4> is an automorphism. 



Definition 2.3. An element a G G with the property a = a is called an 
idem-potent. If (G, f) = derg(G, •), then the set of all idempotents which are 
also in the center of (G, •), will be denoted by Z*{G). It is easy to see that 
Z*(G) is a subgroup of (G, •). 

Corollary 2.4. Suppose (G,f) = derg(G, •). Then we have 

If further, all idempotents of (G,f) are central, then we have 

Aut(G,f)^C Aut{G ^6)K Z*{G). 

Proof. Note that an automorphism if; € Aut(G, f) can be uniquely 
expressed in the form = R a 4, so we can define a map q : Aut(G, f) — >■ 
Aut(G, •) by q(R a 4>) = 4- It is eas Y to check that (R a 4)(R a '4') = R(j>(a')a44' ■ 
Hence q is a group homomorphism. Clearly, its kernel is Z*(G), so 

Now, let all idempotents of (G, /) be central, so 

Aut(GJ) = {R a 4 : a G Z*(G),<f>€ C Aut{G ^(6)}. 
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Define an action of Cj\ u t(G,-)(8) on Z*(G) by the rule (p. a = 4>{a). One can 
check that the map 

\:C Aum . ) (e)xZ*(G)^Aut(GJ) 

with the rule X((f), a) = R a 4> is an isomorphism. This completes the proof. 

Corollary 2.5. Suppose (G,f) = der^G, •) is a medial polyadic group. 
Then 

^(G,/) = C MG ,)(»)^*(G). 

Corollary 2.6. Let (G, •) be an abelian group and (G, /) = der n (G,f). 
Then 

Aut(G,f) = Aut(G, ■) x 2(G), 
where Z(G) = {a € G : a 11 ' 1 = 1}. 

We are ready now, to talk about the structure of automorphisms of a 
polyadic group in the general form (G, /) = derg^(G, •). Note that 6 and b 
satisfy the conditions of the theorem 1.1. 

Theorem 2.7. Suppose (G,f) = dere^(G, •). Then we have 

Aut(G, f) = {R a <j> : ^ € Aut(G, ■), f( l a ) = 0(6)a, [9, 0] = / a }, 

(n) 

Proof. Let a <G G and € Aui(G, •) satisfy /( a ) = <^>(6)a and [6*, 0] = I a . 
We show that V = Ra<P is an automorphism of (G, /). For any x € G and 
1 < i < n — 1, we have 

<^(x) = a0(a) • • • e i - 1 (a)e i (c/)(x))e i - 1 (a- 1 ) ■ ■ ■ ^Oa" 1 . 

Hence 

RaHfixi)) = RaHx 1 e(x 2 )---e n - 1 (x n )b) 

= <P(x 1 )<P(9(x 2 ))---4>(e n ' 1 (x n )) ( f>(b)a 

= (t ) {x 1 )(a9^{x 2 ))a' 1 )(ae(a)e 2 (a)^{x 3 ))e 2 (a' 1 )9(a' 1 )a' 1 ) ■ ■ ■ 

(a0(a) • • • d n - 2 (a)d n - 1 ((t } (x))e n - 2 (a- 1 ) ■ ■ ■ flfa- 1 )^ 1 )/^) 

= (<Kzi)a)(0(<Kx 2 ))0(a)) • • • {0 n -\<P(x n ))6 n -\a))b 

= f{R a (t>{xi),...,R a <t){x n )). 

Now, to show that every automorphism of (G, /) has the required form, 
suppose (G,g) = der n (G, •). It is clear that 

T=(e,9,e 2 ,...,9 n - 1 ,R b - 1 ) 

is an isotopy between (G,f) and (G,g). So we can do the same argument 
as in 2.2, to complete the proof. 
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Lemma 2.8. Let (G, /) = derg^G, •) and suppose u € G is a central 
idempotent. Then the map 

R u :der e (G,-) -> (G, /), 

is an isomorphism. 

Corollary 2.9. If (G,f ) = dero,b(G,-) has a central idempotent, then 

Aut(GJ) Aut(dero{G,-)). 

3. HOMOTOPY AND THE STRUCTURE OF HOMOMORPHISMS 

Employing the same method as in the section 2, we want to determine 
the structure a homomorphism between two polyadic groups. We apply the 
results of this section, to investigate representations of polyadic groups in 
the section 4. 

Lemma 3.1. Suppose (G, •) and (H, *) are two ordinary groups. Then every 
homomorphism 

$ : der n (G r ) der n (H,*) 
can be uniquely decomposed as tp = R a <p such that 
i- (j) '■ (G, •) — > (H, *) is an ordinary homomorphism, 
Or a€C H (<t>(G)), 
Hi- a n ~ l = 1. 
The converse is also true. 

Proof. Suppose ip is given and let a = Then ip(l n ) = a and so 

a n_1 = 1. Now, define (j) = R^ 1 ^- We have 

<p(xy) = ip(xy) * a^ 1 

= ip(x ■ I 71 ' 2 ■ y) * a' 1 

= ip{x) * a n ~ 2 * ip(y) * a -1 

= ip(x) * a -1 * ip{y) * a' 1 

= (f>(x)*<p(y). 

So, (/) is an ordinary homomorphism. Further 

%l>{x) = ^(i • x ■ r -2 ) 

= a* ip(x) * a -1 , 

so a*ip(x) = ip(x)*a, which implies that a G Ch{4>{G)). Conversely, suppose 
ip = Ra<t>i such that a and <j> satisfy the above three conditions. We have 

ip(xix 2 ■ ■ ■ x n ) = 4>(xix 2 ■ ■ ■ x n ) * a 

= <f>(xi) * <f>(x 2 ) * ■■■ * <j){x n ) * a n 

= 4>{xi) * a* 4>{x2) * a * ■ ■ ■ * 4>{x n ) * a 

= ip(xi) * ip(x 2 ) * ■ ■ ■ * ip(x n ). 

This completes the proof. 
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The following theorem is a generalization of 2.1. 

Theorem 3.2. Suppose (G, •) and (H,*) are two ordinary groups. Then 
every homotopy 

der n (G,-) -> der n (H,*) 

can be decomposed as 

(-^ai -Tai ! L> a . 2 I ai * a , 2 , . . . , La n Iai*---*a n j -Rai *•••*<!„ ) ° (-Raj • • • > -Ra) ° (^>) • • • > </>) j 

t- a? € ff, 

m- : (G, •) — > (H, *) zs an ordinary homomorphism, 
Hi- a € C H {<t>{G)), 
iv- a n_1 = 1. 

Proof. Let T = (ai, a2, . . . , a n +i) be a homotopy from der n (G,-) to 
der n (H,*). So, we have 

a„+i(xia;2 . . . x n ) = ar(xi) * • • • * a n {x n ). 

Hence, for an arbitrary x and i, we have 

a n+ i{x) = o; n+ i(l i_1 -x- l n_i ) 

= ai(l) * • • • * aj_i(l) * aj(x) * a i+ i(l) * • • • * a n {\). 

Therefore, 

a»(x) = (ai(l) * • • • * ai-i{l))~ l a n+1 (x){a i+ i{\) * • • • * a n {l))~ l . 
Now, suppose aj(l) = ai and ai * 02 * • • • * a n = d. We have 
a n+ i(xix 2 ■ ■ ■ x n ) = ai(xi) * a 2 (x 2 ) * ■ ■ ■ * a n (x n ) 

= a n+ i(xi) * cT 1 * a n+ i(x 2 ) * cT 1 * ■ ■ ■ 
*a n+ i(x n _i) * d~ l * a n+ i(x n ). 

Hence, we have 

a n+ i(xix 2 . . .x n ) * cT 1 = a n+ i(xi) * cP 1 * a n+1 (x 2 ) * d~ l * • • • 

*a n+1 (x n -i) * cT 1 * a n+ i(x n ) * cT 1 . 

Therefore, if we let i/j = R^ctn+i = R a a n+ ±, then V : der n (G,-) — > 
der n (H,*) is a homomorphism. Now, for any i, 

oti(x) = («i(l) * • • • * a i - 1 (l))~ 1 a n+1 (x)(a i+1 (l) * • • • * a n (l)) _1 
= (ai * • • • * aj_i) _1 * tp(x) * d * (ai+i * • • • * a n ) _1 
= (a± * ■ ■ ■ * ai^i)^ 1 * ip(x) * (ai * • • • * aj) 

= -£'(ai*---*ai_i)~ 1 Ra\*---*ai^{x) 
— Laila\*---*ai^{%) • 

Now, applying lemma 3.1, we obtain the required decomposition for T . 
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Corollary 3.3. Suppose (G,f) = dero,b(G,-) and (H,h) = der v ^ c (H,*) are 
two n-ary groups. Then every homotopy from (G, f) to (H, h) can be de- 
composed as the composition of the following homotopies 

(e,9,9 2 , . . . ,9 n ~ 1 ,R^ 1 ) 

((f>, (f>, ...,4>) 

Ra, ■ • • j Ra) 
{Lai i ^0,2^ ai*a2 > ■ ■ ■ i I J a n Iai*---*a n j Ra\*-- *a n ) 

(s,ri-\ri- 2 ,..., V - n -\R c ) 
such that 

i- a r { G H, 

ii- (ft : (G, •) — > (H, *) is an ordinary homomorphism, 
Hi- a G C H {4>{G)), 

iv- a n_1 = 1. 

Proof. It is clear that T = (e,9,9 2 , . . . ,6 n ~ 1 ,R^ 1 ) is an isotopy from 
(G, f) to der n (G, •) and also (e, r/" 1 , rf 2 , . . . , r]^ n ~ 1 , R c ) is an isotopy from 
der n (H,*) to (H,h). Now, using 3.3, the result follows. 

Corollary 3.4. Let ip : derg ^G, ■) —¥ der VtC (H, *) be a homomorphism. 
Then there exists a 6 H and an ordinary homomorphism <fi : (G, •) — > (H, *), 
such that tp = R a 4>- 

Proof. The required decomposition for ip can be obtained by the com- 
position of the first entries of the five homotopies of the previous corollary. 

Although there exist some relations between a and <f> in the previous 
corollary, we are not able to determine these relations completely. However, 
in the special case, when n = e and c = 1, we have a sufficient and necessary 
condition for a and <fi. 

Theorem 3.5. Let ip : derg^(G, •) — > der n (H, *) be a homomorphism. Then 
there exists a G H and an ordinary homomorphism (ft : (G, •) — >■ (H, *), such 
that tp = R a (ft- Further a and (ft satisfy the following conditions; 

a n - 1 = ( ft(b) and <f>0 = I a -i<f>. 

Conversely, if a and (ft satisfy the above two conditions, then ift = R a (ft is a 
homomorphism derg^(G, •) — > der n (H, *). 

Proof. Let (G, f) = derg t b(G, •) and suppose ift is given. Then by the 
corollary 3.4, tft = R a (j), for some ordinary homomorphism (ft and some a G H. 
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We have 



hence, a 



n—1 



0(6). Further, 




-i 



= a* 4>(x) * a 11 . 

So, <p6 = I a -i(p. Conversely, suppose ip = R a 4>, such that a and <f> satisfy 
the above mentioned conditions. Now, for all natural number i and all x, 



*a n ~ 1 * 4>{x n ) * a"^"" 1 ) * a™" 1 * a 
= (<f>(xi) * a) * (4>(x 2 ) * a) * ■ ■ ■ * (<fi(x n ) * a) 
= ip(xi)*---*ip(x n ). 
This completes the proof. 

There is one more special case which we can determine completely the 
structure of homomorphisms. In the last theorem of this section, we inves- 
tigate this special case. 

Theorem 3.6. Let (G, f) = derg t b(G, •) and (H, h) = der V!C (H, *) and sup- 
pose further, (H, *) is abelian. Let ip : (G, /) — > (H, h) be a homomorphism. 
Then there exists a € H and an ordinary homomorphism (ft : (G, •) — > (H, *), 
such that ip = R a 4>, and 



Conversely, if a € H and <\> : (G, •) — > (H,*) is a homomorphism, satisfy- 
ing the above two conditions, then ip = R a <f> is a homomorphism (G, f) — > 



Proof. By the lemma 3.1, and since (H,*) is abelian, every homomor- 
phism der n (G, ) — > der n (H,*) can be uniquely decomposed as R a <p, such 
that a € H, a"^ 1 = 1 and <p is an ordinary homomorphism. Hence, by 3.3, 
every homotopy from (G, f) to (H, h) has the form 




= a 1 * <j)(x) * a l , so 

= ^(x 1 e(x 2 )...e n -\x n )b) 

= 4>(x 1 9(x 2 )...e n -\x n )b)*a 

= <f>( Xl ) * <j>{0{x 2 )) * • • • * <K0 n_1 (zn)) * 4>{b) * a 

= <j)(xi) * a * <p(x2) * a" 1 * a 2 * (j)(xs) * a~ 2 * ■ ■ ■ 



h( a) = a* <p(b) and <pQ = r](f). 



(H,h). 
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T=(e, V -\..., v- (n ~ 2) ,e, R c ) o (R ai R an , i? ai *-*a„) 

o( ( f > ,...^)o(e,9,...,9 n - l ,R- 1 ). 

Here, a™ 6 H and (ft is an ordinary homomorphism. Now, the homomor- 
phisms tp : (G, f) — > (H, h) are in one-one correspondence with homotopies 
which have equal entries. So, we assume that the entries of T are equal. Let 
a = a%. It is easy to see that the equality of the first and the last entries, 
implies 02 * • • • * a n * c = cp(b). The equality of the first and the second 
entries, implies 02 = r](a). Similarly, we have aj+i = if (a). Now, using 

(n) 

0,2 * ■ ■ ■ * a n * c = <p(b), we conclude h( a) = a * <p(b). Also, the equality 
of the first and the second entries, implies ry _1 00 = <j> and more generally, 
r]~ l <j)6 l = (p. Conversely, if we assume that a and 4> satisfy the required 
conditions, we can show that all entries of T are equal, and so ip = R a (j) is 
a homomorphism. 

4. Representations 

Suppose (G,f) is an n-ary group. A map A : G — > GL m (C) with the 
property 

A(/(x?)) = A(xi)A(x 2 )...A(x ft ) 
is a representation of G. The function 

x(x) = Tr A(x) 

is called the corresponding character of A. The number m is the degree of 
representation. Note that, A is a representation of (G,f), iff it is an n-ary 
homomorphism (G,f) — > der n (G L m (C)) . 

In [7], representation theory of polyadic groups was studied, but represen- 
tations dealt with in that paper were considered to have non-empty kernels. 
The connection of representations of polyadic groups to representations of 
their retract investigated in that paper. Further, it is shown that, one can 
reduce the representation theory of polyadic groups to the representation 
theory of ordinary groups (see [Jj ) . In [12] , the second author studied repre- 
sentations of polyadic groups without any assumptions on kernels, i.e. the 
representations he dealt with in [12], may have empty kernels, as well. It is 
proved that there is a one-one correspondence between the set of irreducible 
representations of a polyadic group and the set of irreducible representations 
of its so called Post covers. Using this correspondence, some well-known 
properties of irreducible characters of finite groups (such as orthogonality of 
characters and so on), are generalized to finite polyadic groups. 

In this section, we can use our knowledge about the structure of homo- 
morphisms of polyadic groups, we just obtained in the section 3, to deter- 
mine representations of polyadic groups. Applying theorem 3.5, on the case 
A : derQ t b(G, •) — > der n (GL m (C)), we obtain the following theorem. 
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Theorem 4.1. Let A : dero t b(G,-) — > der n (GL m (C)) be a representation. 
Then we have A = RaT, where A G GL m (C), T : (G, •) -> GL m (C) is an 
ordinary representation and we have 

A n - X = A(6) and A6> = J^A. 

TTie converse is also true. 
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